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We p ropose  a method for  ca lcu la t ing  the ga sdyna mic  and e l e c t r i c  p a r a m e t e r s  of tw o-d ime ns iona l  conduct ing-gas  
flow in a coaxia l  MGD g e n e r a t o r  with continuous e l e c t r o d e s  with account for  the effect of t r a n s v e r s e  nonhomogenei ty of 
the magne t i c  f ie ld ,  v a r i a b l e  p l a s m a  conduct iv i ty ,  and dependence  of the Hall p a r a m e t e r  on the magni tude  of the 
magne t i c  f ie ld  and the p r e s s u r e .  Some computa t ional  r e s u l t s  a r e  p resen ted .  

A c h a r a c t e r i s t i c  f e a tu r e  of the coaxia l  MGD g e n e r a t o r  (Fig. 1) is  the e s s e n t i a l  nonhomogenei ty  of the magne t ic  
f ie ld  a c r o s s  the channel sect ion;  t h e r e f o r e ,  the p r o b l e m  of de t e rmin ing  the gasdynamic  and e l e c t r i c  p a r a m e t e r s  of the 
flow in the  channel g e n e r a t o r  mus t  be solved in the two-d imens iona l  formula t ion .  

In fact ,  the axia l  flow pas s ing  through the magne t i c  f ie ld  B~0 in the p r e s e n c e  of the Hall effect  acqu i r e s  a r a d i a l  
d i sp l acemen t ,  s ince  the Loren tz  f o r c e  in th is  case  has two components .  A s i m i l a r  pa t t e rn  is  o b s e r v e d  in a 
nonhomogeneous magne t ic  f ie ld  even without account for  the Hall effect  [1, 2]. 

r 

Fig. 1 

In [3-5]  the ca lcula t ion  of the coaxia l  channel is c a r r i e d  out in the q u a s i - o n e - d i m e n s i o n a l  approximat ion;  in [5] 
the p l a s m a  e l e c t r i c  p a r a m e t e r s  a r e  ave raged  a c r o s s  the sec t ion  with account fo r  nonuni formi ty  of the magne t ic  field; 
no e s t i m a t e  is  given for  the e r r o r  of o n e - d i m e n s i o n a l  theory .  The e l e c t r i c  f ie lds  and c u r r e n t s  in a coaxia l  Hall 
g e n e r a t o r  channel a r e  s tudied in [6], but the p r o b l e m  is solved under  the  assumpt ion  that  the p l a s m a  e l e c t r i c  
conduct ivi ty  and al l  the  g a s d y n a m i c  p a r a m e t e r s  in the  channel a r e  constant .  A method is  d e s c r i b e d  in [7] fo r  
ca lcu la t ing  uns teady t w o - d i m e n s i o n a l  p l a s m a  flow in a coaxia l  channel and computa t ional  r e s u l t s  a r e  p resen ted ;  
however ,  the p l a s m a  is a s s u m e d  i s o t h e r m a l ,  which is  not the  case  in the coaxia l  channel of constant  sect ion.  

We examine  two-d imens iona l  p l a s m a  flow in a coaxia l  MGD g e n e r a t o r  channel under  the fol lowing assumpt ions  : 

1) the  p l a s m a  is an idea l  inv i sc id  and non-hea t - conduc t ing  gas ,  
2) the magne t i c  Reynolds  number  is  s m a l l  (R m << 1), which p e r m i t s  neglec t ing  the induced magne t i c  f ie ld ,  
3) the e l e c t r o d e - p l a s m a  contact  r e s i s t a n c e  and the r e s i s t a n c e  of the e l e c t r o d e s  can be neg lec ted  in c o mpa r i son  

with the r e s i s t a n c e  of the p l a s m a ,  
4) the  en t r ance  flow is cons ide red  un i fo rm a c r o s s  the channel sect ion,  
5) end effects  a r e  not taken into account ,  
6) as  a r e s u l t  of g e n e r a t o r  axia l  s y m m e t r y  the flow p a r a m e t e r s  a r e  independent  of the angular  coordinate .  

Under  these  a s sumpt ions  MGD flow of the type  

v (% 0, v~), n (0, B~, 0), E (E~, 0, E),  i (l~, 0, ix), B~ = ~/r 

is  d e s c r i b e d  by the fol lowing s y s t e m  of d i f f e ren t i a l  equat ions in d i m e n s i o n l e s s  f o r m :  

(~) 

~(v 8vz OVz ~ Op 
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Of t he  M a x w e l l  e q u a t i o n s  we  u s e  on ly  t h e  c u r r e n t  c o n t i n u i t y  e q u a t i o n ,  s i n c e  R m << 1. T h e  f o l l o w i n g  
c h a r a c t e r i s t i c  d i m e n s i o n s  a r e  u s e d  in (2) : r i  i s  t h e  i n n e r  r a d i u s  of t h e  c o a x i a l  c h a n n e l ;  Vz0, Po, and  ~0 a r e  t h e  f low 
p a r a m e t e r s  at  t h e  c h a n n e l  e n t r a n c e ;  B 0 = B(v f o r  r = r 1. T h e  p r e s s u r e  i s  r e f e r r e d  to  p0vz0 z. 

T h e  v a l u e s  of t he  c u r r e n t  d e n s i t y  c o m p o n e n t s  J r  and  Jz a r e  o b t a i n e d  f r o m  t h e  g e n e r a l i z e d  OhmTs Law in  t h e  form_ 

i,. = ~ [ E  - ~ %  + ,~ (E z + %B@ 

(3) 
6 

w h e r e  t h e  e l e c t r i c  f i e l d  i n t e n s i t y  c o m p o n e n t s  E r and  E z a r e  r e f e r r e d  to vz0B 0. T h e  b o u n d a r y  c o n d i t i o n s  f o r  t he  

g a s d y n a m i c  f u n c t i o n s  h a v e  t h e  f o r m  

, ~ = l ,  v r = o ,  p = t ,  p = p o f o r z = 0 ,  "r=O~Pr~r=~,'r=of~ (4) 

M o r e o v e r ,  t he  c o n d i t i o n  t h a t  v r b e  b o u n d e d  as  z ~ ~o m u s t  b e  s a t i s f i e d .  

T h e  b o u n d a r y  c o n d i t i o n s  f o r  t h e  e l e c t r i c  f i e l d  i n t e n s i t y  a r e  f o r m u l a t e d  f r o m  t h e  c o n d i t i o n s  t h a t  t h e  d i f f e r e n c e  of 

t he  e l e c t r o d e  p o t e n t i a l s  b e  c o n s t a n t  and  t he  a s s u m p t i o n  of no end  e f f ec t s .  

T h e  p r o b l e m  is  s o l v e d  w i t h  a c c o u n t  f o r  t h e  t e m p e r a t u r e  and p r e s s u r e  d e p e n d e n c e  of t h e  e l e c t r i c  c o n d u c t i v i t y ,  
w h i c h  is  d e f i n e d  by  t h e  e x p r e s s i o n  

= AT ~/, e -~'/~ p-'/,. (5) 

H e r e  X i s  t he  s e e d  i o n i z a t i o n  p o t e n t i a l ,  A i s  a g i v e n  c o n s t a n t  [8]. 

T h e  p r e s s u r e  and m a g n e t i c  f i e l d  d e p e n d e n c e  of t h e  Ha l l  p a r a m e t e r  is  a c c o u n t e d  f o r  u s i n g  t h e  a p p r o x i m a t e  
f o r m u l a  

= NBUp,  (6) 

w h e r e  N is  a c o n s t a n t  c h a r a c t e r i z i n g  t h e  w o r k i n g  m e d i u m .  

The  s y s t e m  of e q u a t i o n s  (2) w i t h  t h e  b o u n d a r y  c o n d i t i o n s  (4) i s  s o l v e d  b y  t h e  s m a l l - p a r a m e t e r  m e t h o d  [9]. 
A s s u m i n g  t h a t  t he  m a g n e t i c  i n t e r a c t i o n  p a r a m e t e r  S i s  s m a l l ,  we s e e k  the  u n k n o w n  f u n c t i o n s  in t h e  f o r m  of s e r i e s  
e x p a n s i o n s  

X = Xoo + SX1 + $2X2 + ... (X = V, p, p, ~, E, ~}. (7) 

S u b s t i t u t i n g  (7) in to  (2) and  e q u a t i n g  c o e f f i c i e n t s  of l i k e  p o w e r s  of S, we o b t a i n  t h e  e q u a t i o n s  f o r  f i n d i n g  t he  
f u n c t i o n s  X i. 

As t he  z e r o  a p p r o x i m a t i o n  we u s e  t he  s o l u t i o n  of (2) f o r  S = 0, w h i c h  h a s  t h e  f o r m  

Vzo o = t, Vroo = O, Poo = i, Poo = P0, %0 = i, So0 = ~o, (s) 

and as a result of account for the Hall effect in the nonuniform magnetic field the functions Er0 and Ez0 are found from 
t h e  e q u a t i o n  

a ~ ~ a a f (9) 
ar i + ~o ~ (Ero + ~og~o ) + i -4- ~o ~ az (E-'o -- '3oEro) : ar i A- ~o ~" 

E q u a t i o n  (9) w a s  o b t a i n e d  f r o m  t he  c u r r e n t  c o n t i n u i t y  e q u a t i o n  f o r  t he  z e r o  a p p r o x i m a t i o n .  T h e  b o u n d a r y  
c o n d i t i o n s  f o r  t h i s  e q u a t i o n  w i l l  b e  p r e s e n t e d  l a t e r .  
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C o n s i d e r i n g  only t e r m s  in (7) con ta in ing  the  f i r s t  p o w e r  of S, we obta in  the  s y s t e m  of equa t ions  

OVrt Opl B~ 
az - - - - ~ +  ~ [ ~ O ( e r o - - B 0 - - E z o ] '  

Ov z~ Op~ B~ 
& - _ - ~ -  + ~ [(E~o-- B 0 + ~oE~o] ' 

i 0 o 
r Or ( r v ~ ) + ~ z ( ~ + V z O - - - G ,  

Op~ Op~ •  l 
Oz -- • ~ t -~ [3o ~ [(Ero - -  B~ )~ + gzo~] 

(10) 

and the  equa t ion  

I o o 
~ -  q~-~-r [r (Err + ~oEzl)] ~- ql ~z  (Ezt - -  ~o~r~- ) -~- q2 (Err ~- ~oEzl ) : qa" (11) 

H e r e  

0~o 
q~ = i + [3o ~, q~ = --  2~o -~-r' 

t 0 [  t 9 " ] a  
- -  qa = - 7 -  q~ ~ rB+ ([~oVrl - -  Vzt ) -[- -7- ( -~o~  -}- ~q~) "~- {[(Ero - -  B~) @ [~oEzo] r} 

-? q~ -~z [vnB* - -  ~ (E~o - -  B,)  4- $oB, vn] + % [B~ (~oVrt - -  vzl  ) ~- $~E~o] 

+ (~oE~o + ~ o - -  B0 {(-- 2) 
1 

L-~-~ ~ (~, + ~o~) + ~ o - ~  ] + ~1 ~ 7 - f  

/ O~ Oz~ ~ OEzo 
+ [~o (E~o --  B+) - ~o1 ~2~o ~ - q~-~7~) + (~q~ + 2,~&) o~ " 

The  s y s t e m  (10), (11) s e p a r a t e s  into two independen t  p a r t s :  Eqs .  (10) de f ine  the  func t ions  Vr~, Vzl,  p~, and pl ,  and 
inc lude  only  the  z e r o  a p p r o x i m a t i o n  Er0,  Ez0, and rio; Eq. (11) p e r m i t s  f inding Er l  and Ez~ wi th  account  fo r  t he  
ob ta ined  g a s d y n a m i c  func t ions  and c o e f f i c i e n t s  al and fi~. The  l a t t e r  a r e  found u s ing  the  fo l lowing  f o r m u l a s ,  ob ta ined  by 

subs t i t u t i ng  (7) into (5) and (6): 

- -  - ~ "  m, I~* = ~o = N , ( 1 2 )  

w h e r e  N and ~ a r e  g iven  cons tan t s .  

T r a n s f o r m i n g  (10) as i nd ica t ed  in [9], we obta in  the  equa t ion  f o r  f inding the  func t ion  Vrl,  

O~Vrt 0 ( Vr 1 OVr~ "~ 
(13) 

H e r e  

Oh 0 
/ = ( i  - -  Mo ~) ~ - -  + "~r [ l s M ~  (~r - -  t )  - -  1~],  

l [ ~ ( + )  ] g~o- - l / r - l -~oE~o 
h--r(i_t_~o~ ) o E r o - -  --EzO , 1~= r(i~.[~o 2) , 

The  bounda ry  cond i t ions  f o r  (10) a r e  

Vzl = 0, vrl = 0, Pl = o, pl = 0 f o r z  = 0, vr~ = 0 f o r  r = l, vr, = 0 f o r  r = r~. (14) 

We u s e  the  G r i n b e r g  m e t h o d  [10] to f ind the  so lu t ion  of (13) wi th  the  c o r r e s p o n d i n g  bounda ry  cond i t ions  

rz 

t f f' ~ -~'k (~+~) - f' ~ -t,-/r (~ , -~) .  (~-~') dq } ,  u R -~ - -  ~ I r k e  aT] - -  ~ ~ke a~] - -  Fke -~k 

F k = a r/[& (~r) + C2kY1 (~r)] dr, g = zC~ Ca ~ r ~ ,  C~k---- y~ (~) �9 

I 

(15) 
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Here J1 and Yi are  Bessel  functions of the f i r s t  and second kind and #k is the k- th  root of the t r anscenden ta l  
equation 

J, (P4,)Y1 (]lhr) -- Ji (v~r)Yi (~) = 0 (16) 

The functions vm, Pi, and Pl are  found f rom (10). Thus,  consider ing only the f i r s t  powers  of S in (7), we find the 
gasdynamic  functions f rom the fo rmulas  

,5' i S 
v z = l - -  Ci(l__Mo~ ) \--ffT-r ~ - -  d~-- Ci(xP0--i) [/~(x--l)--f~ld~, 

o o 
5 

P = i -- ~ [J \-7- -i- -~r) d~ + v~ , (17) 
o 

P:po  + S ( ~  f /2d~-- Vzi) . 
o 

We reduee (11) to the following form to de t e rmine  the functions Eri and Ezi : 

c3 r r C i  0 rqs  

Thus,  (9) and (8) are  obtained for f inding the functions Er0, Ez0 and Erl  , Era; the left-hand sides of these  
equations have the same form,  and there fore  he rea f t e r  we use the indices i = 0; 1. 

Introducing the e l ec t r i c  potential  go by the fo rmula  

E = --grad (p, 

and expanding go into a s e r i e s  of the form (7), we obtain the express ion  

0(pi ~ 0qgi 

Substituting (19) into (9) and (18), we reduce them to the form 

(19) 

r Or \ -~- )  + C i ~ ' - ~  q3i . qi r c ) r \ q i / ~ - - ~ O r - '  
q2 

Equations (20) can be solved by succes s ive  approximations.  

(20) 

As the zero approximation goi{0)we use  the solut ion of (20) for /3o = 0. In this  pa r t i cu l a r  case  we obtain,  
respec t ive ly ,  the Laplace and Poisson equations for f inding the functions go0 (~ and gol(~ 

q3~ (21) A~(o~ = 0, ~ i o ) = -  qT 

We obtain the f i r s t  approximat ion goi (1) by solving (20) with goi (~ subst i tuted into the r igh t -hand  side,  and so on. 

B.Z vr/oZ f ~ ,  [ - -  , \  

Q] 5 9 r 

Fig. 2 
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We o b t a i n  t h e  b o u n d a r y  c o n d i t i o n s  f o r  t he  p o t e n t i a l  <~ in t h e  c h a n n e l  wi th  c o n t i n u o u s  e l e c t r o d e s  f r o m  the  c o n d i t i o n  
t h a t  t h e  e l e c t r o d e  p o t e n t i a l  d i f f e r e n c e  b e  c o n s t a n t .  We s e t  

= 0 f o r  r = 1, ~ ~ u f o r  r = r~ ; 

t h e n ,  e x p a n d i n g  40 in to  a s e r i e s  of  t h e  f o r m  (7), we o b t a i n  

% = 0,. ~1 = 0 f o r  r = t, % ~ u, qh = 0 f o r  r ~ rs. (22) 

M o r e o v e r ,  a t  t h e  c h a n n e l  e n t r a n c e  we h a v e  t h e  c o n d i t i o n  Jz -- 0 f o r  ~ = 0,  s i n c e  we n e g l e c t  end  e f f ec t s .  H e n c e ,  
s u b s t i t u t i n g  (7) in to  (3) we o b t a i n  

C ~ - ~ - - - ~ o  or - -  -7 f o r  ~ = 0 ,  (23) 

0q% ,, 0~l . / 0% 
~0-~-r - - ~ 1 - ~ - =  pl~j?-r -- r i--) f o r  ~ = 0 .  

The  r e s u l t i n g  f o r m u l a s  w e r e  u s e d  on  an  M - 2 0  d i g i t a l  c o m p u t e r  to  c a l c u l a t e  t he  f i r s t  a p p r o x i m a t i o n s  of  t h e  
g a s d y n a m i c  and  e l e c t r i c  p a r a m e t e r s  

X = X o o + S X 1  ( x =  V , p , p , E , ~ , ~ , ] ) .  (24) 

T h e  m o s t  c h a r a c t e r i s t i c  r e l a t i o n s  a r e  s h o w n  in F i g s .  2 - 7 .  

All t he  q u a n t i t i e s  in  t h e  f i g u r e s  a r e  s h o w n  in d i m e n s i o n l e s s  f o r m ,  and  S = 0 .58 and  U = 0.15.  

#.~0 

I 5 g r 

Fig. 3 

E q u a t i o n s  (9) and  (11),  w h i c h  a f t e r  t r a n s f o r m a t i o n s  t a k e  t h e  f o r m  (20),  w e r e  i n t e g r a t e d  by  s u c c e s s i v e  
a p p r o x i m a t i o n s  to d e t e r m i n e  t h e  f u n c t i o n s  Ez0, Er0 and  Ez l ,  E r l .  In e a c h  a p p r o x i m a t i o n  t h e  p r o b l e m  w a s  s o l v e d  by  t h e  
g r i d  m e t h o d .  Up to 20 s u c c e s s i v e  a p p r o x i m a t i o n s  w e r e  m a d e  to a c h i e v e  t he  s p e c i f i e d  p r e c i s i o n  (0.5%). 

Pz '" / /  

/ z  
/ 

l /  l j  y 
f,00 - t ~ 

J 9 

Fig. 4 

We s e e  f r o m  Fig .  2, w h i c h  s h o w s  t h e  r a d i a l  v e l o c i t y  c o m p o n e n t  v r 
n u m b e r  (fi -- kk 1 B / p ,  k = 0 .5 ,  1), t h a t  f o r  t h e  c o a x i a l  c h a n n e l  of  c o n s t a n t  
o r d e r s  of  m a g n i t u d e  l e s s  t h a n  t h e  a x i a l  v e l o c i t y  c o m p o n e n t  v z. H o w e v e r ,  
r a t h e r  l a r g e  and  c o m p a r a b l e  w i t h  i t s  i n c r e a s e  a l o n g  t h e  c h a n n e l  {Figs .  4 
i , e . ,  a f low w h i c h  i s  u n i f o r m  at  t h e  c h a n n e l  e n t r a n c e  b e c o m e s  e s s e n t i a l l y  
m a g n e t i c  f i e l d  w h i c h  i s  no t  u n i f o r m  a c r o s s  t h e  c h a n n e l  s e c t i o n .  

v e r s u s  r f o r  v a r i o u s  v a l u e s  of t h e  Hal l  
s e c t i o n  t h e  v e l o c i t y  c o m p o n e n t  v r i s  two 
t he  r a d i a l  v a r i a t i o n  of t h e  v e l o c i t y  v z i s  
and  7) e v e n  w i t h o u t  a c c o u n t  f o r  t h e  Hal l  e f f ec t ,  
t w o - d i m e n s i o n a l  in  t h e  p r e s e n c e  of a 

T h e  d e p e n d e n c e  of t h e  Hal l  n u m b e r  on t h e  r a d i u s  at  d i f f e r e n t  c h a n n e l  s e c t i o n s  f o r  k = 0.5 i s  s h o w n  in Fig .  3. 
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The radial  veloci ty component a r i s e s  both as a resu l t  of the exis tence of magnet ic  field nonuni formi ty  and as a 
resu l t  of the p re sence  of Hall cur ren t s .  With i nc r ea se  of fi the velocity v r f i r s t  i nc rea se s  and then dec rease s  (see Fig. 

2). 

0. ;0 
i Y g 

Fig. 5 

! 

! 
7" 

Figure  4 shows curves  of the d imens ion les s  axial velocity component v z v e r s u s  the longitudinal  coordinate  ~ for 
values of k = 0, 0.5, 1. We see f rom compar i son  of curves  1, 2, and 3 that with inc rease  of the p a r a m e t e r  k (and this  
means  inc rease  of the Hall number ) ,  the re la t ive  var ia t ion  of v z along the channel length dec reases .  This  is explained 
by the reduct ion of the f low- re ta rd ing  e lec t rodynamic  force ,  associated bas ica l ly  with the reduct ion of the effective 
e l ec t r i c  conductivity. 

9.05 

m _ _  

~ M 

5 g r 

Fig. 6 

The reduct ion of v z in compar i son  with the unper tu rbed  velocity at the channel  inlet  (curve 3 in Fig.  7) is explained 
by the s t rong change of the cu r ren t  ra t io  Jr /Jz  ~ fi- In fact,  s ince we are  cons ider ing  a channel with continuous 
e lec t rodes  and end effects are  not taken into account,  the longitudinal  c u r r e n t s  Jz (we call them Hall cur ren ts )  mus t  be 
closed on the electrodes.  Thus,  the radia l  component Jr is the sum of the Faraday  cu r r en t  and par t  of the Hall cur ren t .  
The Hall cu r ren t  which is  closed by the continuous e lec t rodes  at the channel  inlet  c loser  to the outer radius  exceeds 
the Faraday  cu r ren t ,  and this segment  of the channel changes to the acce le ra to r  (pump) regime.  This conclusion is 
also conf i rmed by analys is  of the dependence of p r e s s u r e ,  densi ty ,  and t e m p e r a t u r e  on channel length which is not 
p resen ted  in this ar t ic le .  

Analyzing the radia l  dependence of the cu r r en t  densi ty components Jr and Jz (Figs. 5 and 6) and of the axial 
velocity v z (Fig. 7), we can draw the following conclusions.  

1. At the channel inlet  nea r  the inner  e lec t rode  (for r = 1) the closed par t  of the Hall cu r r en t s  is d i rec ted  
opposite to the Faraday  cur ren t ,  while at the end of the channel the i r  d i rec t ions  coincide,  therefore  in segment  1-5 
(along the Or-axis)  curve 3 cor responding  to the sect ion ~ = }I0 l ies  above curves  1 and 2 (~ = ~2 and ~ = ~6, 
respect ively) .  Near the inne r  e lect rode we observe  the r e v e r s e  d i rec t ion  of the closed par t  of the Hall c u r r en t s ,  
therefore  in segment  5-13 curve 3 l ies  below curves  1 and 2 (Fig. 5). 
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2. Since the longi tudinal  c u r r e n t  a r i s e s  b a s i c a l l y  as a r e su l t  of in te rac t ion  of the r e su l t an t  r ad i a l  c u r r en t  with 
the magne t i c  f ie ld ,  the na tu re  of the r ad i a l  va r i a t i on  of Jz should coincide with the na tu re  of the va r i a t ion  of Jr ,  and 
th is  is  shown by c o m p a r i s o n  of F igs .  5 and 6. 

].0 

1 J g r 

Fig. 7 

3. We see  f rom Fig.  7 that  when the co r r e s pond ing  Hall number  is  r eached  n e a r  the inner  e l ec t rode  (in segment  
1-2) t h e r e  a r i s e s  a r e g i m e  of v e r y  s t rong  i n c r e a s e  of the longi tudinal  ve loc i ty  component ,  which apparen t ly  
c o r r e s p o n d s  to the "osc i l l a t ion  ~ r e g i m e  at the anode [7]. 
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